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Abstract. We show that the functor from curved differential graded algebras to differ- 
ential graded categories, defined by the second author in [B], sends Cartesian diagrams to 
homotopy Cartesian diagrams, under certain reasonable hypotheses. This is an extension 
to the arena of dg categories of a construction of projective modules due to Milnor. As 
an example, we show that the functor satisfies descent for certain partitions of a complex 
manifold. 



1. Introduction 

Differential graded categories |Ke2j (and their relatives Aoo and oo-categories) are of in- 
creasing interest and value in many areas of algebraic, symplectic, differential and noncom- 
mutative geometry. They arise as better behaved enhancements of derived (or triangulated) 
categories. They provide a context in which to understand various relations amongst dis- 
parate objects. A classic example along this line is the Riemann-Hilbert correspondence 
between Z)-modules and perverse sheaves. A more recent one is Mirror Symmetry, a symme- 
try coming out of physics that relates the symplectic geometry of one Calabi-Yau manifold 
to the complex geometry of a mirror Calabi-Yau manifold. By now the examples are too 
numerous to survey completely. 

In [B] the second author introduced a functor from curved differential graded algebras to 
differential graded categories 

A m- V A . 

This provided a way to "present" many dg-enhancements of well-known categories of interest 
in geometry as well many new ones. Further, the beginnings of a calculus was developed 
to be able to calculate with Va- In this paper we continue the development of this calculus 
by proving a descent theorem. Of course, descent was one of the original motivations of 
considering dg-categories and descent results have been proven for dg-enhancements of the 
category of perfect complexes of sheaves on a scheme X, such as what is called L pe (X) in 

HI- 

Proposition 1.1. (A. Hirschowitz, C. Simpson, see [Tj ; Proposition 11) Let X — U U V, 

where U and V are two Zariski open subschemes. Then the following square 

L pe (X) -> L pe (U) 
(1.1) I I 

L pe (V) -> L pe (unv) 

is homotopy cartesian in the model category dg-cat of dg-categories. 
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Our descent principle will imply a similar result for certain covers of a complex manifold 
X. It is a generalization to the world of dg categories of a theorem of Milnor [M] which 
recovers a projective module over the fiber product of rings Rx T S from a pair of projective 
modules on R and S and a gluing isomorphism over T, under the condition that one of the 
maps to T is surjective. 

2. Review of Basic Definitions 
In this section we recall the basic definitions and theorems from [Bj. 

Definition 2.1. For complete definitions and facts regarding dg-categories, see |BK] . [DrJ, 
[Kej and [Ke2j . Fix a field k. A differential graded category (dg- category) is a category 
enriched over Z -graded complexes (over k) with differentials increasing degree. That is, a 
category C is a dg-category if for x and y in Ob C the set of morphsisms 

C(x,y) 

forms a Z-graded complex of /c-vector spaces. We will write (C'(x,y),d) for this complex, if 
we need to reference the degree or differential in the complex. In addition, the composition, 
for x,y, z G Ob C 

C(y,z)®C(x,y)^C(x,z) 
is a morphism of complexes. Furthermore, there are obvious associativity and unit axioms. 

Definition 2.2. Given a dg-category C, one can form the subcategory Z°C which has the 
same objects as C and whose morphisms from an object x G C to an object y G C are the 
degree closed morphisms in C(x,y). The homotopy category HoC which has the same 
objects as C and whose morphisms are the Oth cohomology 

HoC(x,y)=H°{C(x,y)). 

A degree closed morphism between objects x and y in a dg-category C is said to be a 
homotopy equivalence if it gives an isomorphism in the homotopy category. 

The dg-functors from a dg-category C to the dg-category of chain complexes over k theme- 
selves form a dg-category, called Mod — C. The Yondea embedding of a dg-category C will 
refer to the functor 

C -> Mod-C 

given by 

c \-> C(-, c). 

Let C and D be dg-categories. A dg-morphism F includes maps of chain complexes C(x, y) — > 
D(F(x), F(y)) for each x,y G C. Notice that a dg-morphism F takes homotopy equivalences 
to homotopy equivalences and also if / is invertible in HoC then F(f) is invertible in HoD. 
Following Toen [Tj, a dg-morphism F : C — > D between two dg-categories is a quasi- 
equivalence if the induced morphisms C(x,y) — > D(F(x), F(y)) are quasi-isomorphisms for 
every pair of objects x,y in C and also the induced functor Ho C — > Ho D is essentially 
surjective. A dg-functor F from D to Mod — C is called a quasi-functor from D to C if 
for each d G D, the object F(d) is quasi-representable. The following lemma consolidates 
the central results in the theory of dg-categories that we will use in the proof of our main 
theorem. This is a consequence of a lemma of Keller (section 7.1 of |Ke] ) . 
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Lemma 2.3. Suppose that C and D are dg- categories, which are full dg- subcategories of 
Cbi g and Dfng. Let F be a dg-functor from Cu g to D^g which carries C into D. Let G be a 
dg-functor from Dj, ig to Cu g which is right adjoint to F . Say we have a collection of objects 
c d for each d G D, quasi-isomorphisms h Cd — > hc(d) such that 

A d = Vd° F(Q d ) : F(c d ) -> d 

are homotopy equvialences in the category D, where Q d G C(c d ,G(d)) corresponds to the 
identity of c d and rj : F o G — > id is the counit of the adjunction. Suppose also that for each 
c G C, that c and cp( c ) are homotopy equivalent. Then F\q is a dg quasi- equivalence from C 
to D. 

Proof. 

Because dg quasi-equivalence is an equivalence relation on dg categories, it is enough to 
show that there exists a full dg sub-category l : C sma u — >■ C such that both of the arrows 
below are dg-quasi-equivalences 

/~ i ° small j~ \ 

4 C small r U ■ 

Let C sma u be the full dg subcategory with objects {c d \d G D}. Then because each object c in 
C is homotopy equivalent to cp( c ), the inclusion i of C sma u into C is a dg-quasi-equivalence. 
Consider the collection of objects 

{(c d ,d)\d G D} C ob{C small ) x 6b(D). 

The projections of this collection to C sma ii and to D are clearly onto. We will use the C sma ii — 
D— bimodule (required by Keller's lemma) defined by by (c,d) i-> D(F(c),d). Consider the 
map 

(2.1) C small (c',c d ) ^ D(F(c'),d) 

g ^ A d o F(g) =r) d o F(Q d ) o F(g) =r) d o F(Q d o g) 

for an arbitrary d G C sma u. By post-composing with D big (F(d), d) = Cu g {d ', G(d)) this map 
becomes simply 

C sma u(c',c d ) -)■ Cu g (d,G(d)) 
9 H> <d d og 

which is clearly a quasi-isomorphism as it is just the given map h Cd (d) —> ha(d)(d). Hence, 
(12. ip is a quasi-isomorphism for any d G C sma u. The map 

D(d,d') D{F{c d ),d') 

is of course also a quasi-isomorphisms for any d' G D. Therefore, by Keller's Lemma in 7.2 
of [Kej we see that the restriction of F to C sma u is a dg-quasi-equivalence between C sma u 
and D. □ 
A curved dga (see |PPj . [S]) is a triple 

A = (A, d, c) 
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where A = ©°^ -4* is a (non-negatively) graded algebra over a field k of characteristic 0, 
with a derivation 

d : A' -> 

which satisfies the usual graded Leibniz relation and 

<i 2 (a) = [c, a] 

where c G *4 2 is a fixed element (the curvature) such that the Bianchi identity dc = holds. 
Given any curved dga, we can consider the "zero part" 

A = (A , 0, 0) 

and conversely, any /c-algebra A defines a curved dga in this way . 

The category V/\ which was defined in [B] consists of special types of A-modules. Consider 
a Z -graded right module £ over A . 

A Z -connection E is a /c-linear map 

E : £ ® A o A^t £ ® A o A 
of total degree one, which satisfies the usual Leibniz condition 

E(eco) = (E(e <g> l))u + (-l) e edco. 

Such a connection is determined by its value on £. Let E k be the component of E which 
maps £• to S'- k+1 ® A o A k . It is clear that E 1 is a connection on each component £ n in the 
ordinary sense (or the negative of a connection if n is odd) and that E k is A - linear for k ^ 1. 

Note that for a Z-connection Eon^ over a curved dga A = (A, d, c), the usual curvature 
E o e is not „4°-linear. However, the relative curvature 

F E (e) = E o E(e) + e • c 

is ./^-linear. 

For a curved dga A = (A, d, c), the dg-category Pa was defined by: 

(1) An object E = (S, E) in which we call a cohesive module, is a Z-graded (but 
bounded in both directions) right module £ = ©°1_ 00 £ 3 ' over ^4° which is finitely 
generated and projective, together with a Z-connection 

E : £ ® A o A ->■ £ <8Uo .4 

that satisfies the integrability condition that the relative curvature vanishes 

F E (e) = E o E(e) + e ■ c = 

for all e E £. 

(2) The morphisms of degree k, V^(Ei, E 2 ) between two cohesive modules Ei = Ei) 
and E 2 = (<^2, E 2 ) of degree are 

{0 : £\ ® A v A — > £2 ® A o A I of degree k and <f>(ea) = <p(e)a Wa G ^4} 

with differential d satisfying d 2 = defined in the standard way 

rf(0)(e) = E 2 (0(e))-(-l)^0( El (e)) 
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Again, such a is determined by its restriction to S± and if necessary we denote the 
component of that maps 

(2.2) £[ -> £' +k - j ® A o A' 

by (pK 

Thus the morphisms in 7-^(^1) ^2) are determined by maps in Hom^o^i, £2 <SU° A). It is 
sometimes useful to consider the larger dg-category Ca: a quasi- cohesive module is the data 
of X = (X, x) where X is a Z-graded right module over A together with a Z-connection 

X : X ® A o A ->■ X ® A o A 

that satisfies the integrability condition that the relative curvature 

F x (x) = X o x(x) + x ■ c = 

for all x G X. Thus, they differ from cohesive modules by having possibly infinitely many 
nonzero graded components as well as not being projective or finitely generated over A. 
Notice that Va is a full dg sub-category of Ca. 

The shift functor on the category Ca is defined as follows. For E = (£*, E) set E[l] = 
(£[1]*, E[l]) where £[l\* = £' +l and e[1] = -E. It is easy to verify that E[l] G C A . Next for 
E, F G C A and G Z°C A (E, F), define the cone of 0, Cone(0) = (Cone(0)', C^) by 

Cone{4>y = [ 

and 



CrA — 



F 
E[l] 

We then have a triangle of degree closed morphisms in Ca 



(2.3) E -A F — )■ Cone(0) — )■ E[l]. 

The cone satisfies the universal property of representing the functor 

C A C(k) 

given by 

M ^ Cone(C A (M, E) -)■ C A (M, F)). 

When E, F G Pa then clearly Cone(0) G Va- 

Notice that for any curved dga R = (1Z, d,R,c), there is a commutative diagram of dg 
categories 

V R Pro 

Cr >■ C R () 

where the horizonal arrows are defined on objects by 

E = (£,E)^E° = (£,E°) 
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and on morphisms by 

Let A be a curved dga. Proposition 1 and Proposition 2 of [BKJ show that the dg-category 
Pa is pretriangulated in the sense defined by Bondal and Kapranov, [BKj . Therefore, the 
category Ho Pa is triangulated with the collection of distinguished triangles being isomorphic 
to those of the form 12.31 The standard fully faithful Yoneda embedding is given by 

Z°(V A ) ->• Mod -P A 
E^ E = P A (-,E). 

while there is a similar functor 

(2.4) Z°(C A ) -> Mod -P A 

X ^ X = C A (.,X). 
We need the following proposition from [B] 

Proposition 2.4. A closed morphism <fi G Pj^Ei, E 2 ) is a homotopy equivalence if and only 
if 4>° '■ (£i,E]j — > {£ 2 , E°) is a quasi-isomorphism of complexes of A modules. 

We will also need the following theorem from jB] 

Theorem 2.5. Suppose A = (.4., d, c) is a curved dga. Let X = (X, x) 6e a quasi- cohesive 
module over A. Then there is an object H = ("H,H) G Pa such that hx is quasi-isomorphic 
to h E ; that is hx is quasi-representable, under either of the two following conditions: 

(1) X is a quasi-finite quasi- cohesive module. 

(2) A is fiat over A and there is a bounded complex (%, dy) of finitely generated projec- 
tive right A -modules and an A Q -linear quasi-isomorphism 0° : (H, dn) — > (X, X°). 

In the second case we also have H° = dn and H = "H. 

Remark 2.6. The quasi-isomorphism hy\ — > hx produced in the proof of (2) is of the form 
/ie for a specific element G Ca(H,X). Note also that one has in particular a quasi- 
isomorphism Pa(H, H) — > Ca(E, X). It can easily be seen that the zero component of the 
image of the identity id G Pa(H, H) inside Ca(H, X) agrees with the original map of complexes 
(H,d H )^(X,X°). 

3. Pulling Back and Pushing Forward 

We now discuss a construction of functors between categories of the form Pa. Given two 
curved dga's, Ai = (Ai, d±, c\) and A 2 = (^4.2, d 2 , c 2 ) a homomorphism from Ai to A 2 is a pair 
f = (/, u) where / : Ai — > Ai is a morphism of graded algebras, u £ A\ and they satisfy 

(1) f(diai) = d 2 f(ai) + [o;,/(ai)] and 

(2) /(ci) = C 2 + d 2 LO + L0 2 . 
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Given a homomorphism of curved dga's f = (/, u>) we define a dg functor 

f* 

Ca x — > Ca 2 

as follows. Given E = (£, E) G C Al set f*(E) to be the cohesive module over A 2 

{£ ®^o^I°,Ea 2 ) 

where E Aa is determined by 

E A2 (e) = E(e) + (-l) j e®uj 
for e 6 One checks that E Aa is still a E-connection and satisfies 

(E A2 ) 2 (e® b) = -(e®b)c 2 

The functor defined above takes objects in P Al to objects in Va 2 . Given ip G C Al (E, F), the 
morphism r ip G Ca^t^E, f*F) is determined by the composed map 

Given composable morphisms f, g, there are natural equivalences (f o g)* =>- g*of which 
satisfy the obvious coherence relation. 

3.1. There is also a functor in the other direction 

Mod-P Al A- Mod-P A2 - 
It is defined for any M G Va 1 and N G Mod —Va 2 by 

(f*N)(M) = N(f (M)). 

Suppose that E and F are in V^ 2 , and tp G Mod — P A2 (E, F). We define f*^ G Mod — Va 1 (f*E, f*F) 

I'.v 

(f,V)(M) : (f*E)(M) (f,F)(M) 
9^#M)o 5 . 

Given composable morphisms f, g, there are natural equivalences (fog)* =>- f* o g^ which 
satisfy the obvious coherence relation. 

3.2. Let f = (f,w) be a map between Ai = (Ai,di,ci) and A 2 = (^2,^2, c 2 ). Suppose now 
that we are in the special case that the natural map 

A° 2 ® A o Ai ->■ „4 2 

is an isomorphism. Then we we will define a functor 

(3.1) C Al < ^- j - Ca 2 . 

such that the diagram 

C Al ■< Ca 2 

Mod -7> Al Mod -P A2 
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commutes where the vertical arrows are the functors defined in ( 12 Ah . Notice that in this 
case there is an isomorphism 

(3.2) M ® A o Ai = M ® A o A 2 . 
Therefore we can simply define 

U(M,K) = (M,K f ) 

where it understood that we use the isomorphism (13. 2p in order to define the action of M on 
M ®jp A\ and Mf is determined by 

Mf(m) = M(m) — (— l) j m <g> u, 
for m G MP . For any M G Cai an d N G Ca 2 we have natural adjointness isomorphisms 

(3.3) C A2 (fM,N)=C Al (M,f*N). 

Suppose that E and F are in C A2 , and (3 G Ca 2 (E, F). We define f*/3 G CAi(f*E, f*F) to 
correspond via (13. 3p to the element in CA 2 (f*f*E, F) given by precomposing with the element 
of CA 2 (f*f*E, E) which corresponds via (13. 3p to the identity of CA 2 (f*E, f*E) . 

4. Homotopy Fiber Products 
Let B,C,D be dg categories, along with dg functors 
(4.1) B 

G 

C—^D. 

We need to use a suitable homotopy fiber product of dg-categories. We chose the notion 
given by Drinfeld in section 15, Appendix IV (page 39) of [Dr] and by Taubada in Chapter 3, 
Definition 3.1 of |Taj . Taubada has constructed a model category structure on the category 
of dg categories. Using this notion of homotopy fiber product of dg categories, we consider 
the dg category B x h D C with objects: 

oh{B x h D C) = {(MeB,NeC, ( f>e D°(G(M), L(N))) 

such that is closed and becomes invertible in H U (D)} 

The morphisms are given by the complex which in degree i is 

(43) ( J Bx^C7) i ((M 1 ,N 1 ,0 1 ),(M 2 ,N 2 ,0 2 )) 

= -B*(Mi, M 2 ) © C"(Ni, N 2 ) © D i ^ 1 (G(Mi), L(N 2 )) 

with composition 

(Bx h D C7)((M 2 , N 2 , 2 ), (M 3 , N 3 , 3 )) ®(Bx h D l7)((M 1; N 1; 00, (M a , N 2 , 2 )) 
^(5x^l7)((M 1 ,N 1 ,0 1 ),(M 3 ,N 3 ,03)) 

given by 

{pi, u', 7 ')(/i, v, t) = (jj,'fi, u'u, iG(p) + L{i/)i). 
The differential is given by 

d(p, t) = (dp, dv, d*y + 2 G(/i) - (-l)*L(z/)0i). 
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We will also need the dg sub category B x ^ C which has the same objects but 

(B x D CY((M U Nx, 00, (M 2 , N 2 , 2 )) = {(jm, v)\<hP(jJ.) = (-l)*L(i/)^} 

where the differential and the composition are defined component-wise. This dg category 
itself has a full dg sub-category given by the actual fiber product B XpC where <fi is required 
to be an isomorphism. In summary, we have dg categories 

B x D C c Bx D C c B x h D C. 

Notice that we can define B x h D C bi- modules D given by 

((Mi, Ni, 0i), (M 2 , N 2 , 2 )) !->■ D(G(Mi), L(N 2 ))[1] 

and (B XpC, D) given by 

((Mx, Nx,^), (M 2 , N 2 ,0 2 )) H- B(M l5 M 2 ) © C(Ni, N 2 ). 

Together with BxJjCasa bi-module over itself, there is a short exact sequence of B x^ C 
bi-modules: 

^ D ^ B x% C ^ (B x h D C, D) ^ 0. 

Therefore we have: 

Lemma 4.1. There is a long exact sequence of H°(B x h D C) bi-modules 

■■■ ^H-\B x h D C,D 



H°(D) H°(B x h D C) H°(B x h D C,D)~^ 



-*H\D) ^ ••• 

Remark 4.2. Although we do not use it in this article, there is also a short exact sequence 
of Hochschild cochain complexes of the dg category B x h D C with coefficients in these three 
bimodules. It leads to a long exact sequence in Hochschild cohomology. 

Lemma 4.3. A closed morphism (/i, u, r) e (B x£> C)°((Mi, Ni, 0i), (M 2 , N 2 , 2 )) is a homo- 
topy equivalence if and only if ji and v are homotopy equivalences in B and C respectively. 

Proof. Suppose that (//, u, r) is a homotopy equivalence. The necessity of ji and v being 
homotopy equivalences follows from the fact that right composition with (//, v, r) is a quasi- 
isomorphism, 

(B x h D C)\(M 2 , N 2 , 2 ), (M 3 , N 3 , fa)) ^(Bx h D C)\(M U N ls 0x), (M 3 , N 3 , 3 )) 
given by 

(//, v\ 7') (/i'/i, i/V, lG(n) + L(i/)7) 
and hence, the composition with /j, is a quasi-isomorphism 

£?(M 2 ,M 3 ) ->S(Mi,M 3 ) 
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// i — y n' n 

and similarly for v. Hence, /i and v are homotopy equivalences. Conversely, suppose that /i 
and v are homotopy equivalences. Consider a closed element in 
(Bx% C) Q ((M 1; Ni, <f>x), (M 2 , N 2 , 2 )) of the form 

(ji, is, r) g S°(Mi, M 2 ) © C7°(Ni, N 2 ) © D i -\G(M 1 ), L(N 2 )). 

Let us show that (/x, z/, r) is invertible in the homotopy category. Indeed for any (M 3 , N 3 , 3 ) G 
B x h D C, right composition with (/i, z/, r) induces a quasi-isomorphism 

D((M 2 , N 2 , 2 ), (M 3 , N 3 , 3 )) D((M!, N 1; 00, (M 3 , N 3 , 3 )) 

given by 

and also a quasi-isomorphism 

(£ x h D C, D)((M 2 , N 2 , 2 ), (M 3 , N 3 , 3 )) 4(5x{,C, ^((M^ N 1; 00, (M 3 , N 3 , 3 )) 
given by 

(//,z/) (///x, 

Now an appeal to Lemma 14.11 finishes the proof: the above maps induce isomorphisms on 
H°(D) and on H°(B x h D C,D) and hence on H°(B x h D C). □ 



5. Patching of Complexes 

For a ring 7Z let P(7Z) be the category of projective modules over 7Z. Let PfiTZ) be the 
category of finitely generated projective modules over 7Z. Let A ,B°,C°,V be rings, along 
with a commutative diagram of ring homomorphisms 



(5.1) 



A c 



f° 



k° 



C° 



such that 

Assumption 5.1. 

(1) the maps f°,g ,k , 1° form a fiber product: 

A = B° x v o C° 



(2) I . C —¥ V is surjective. 
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5.1. Categories of Projective Modules. Recall that the fiber product category P(B°) x p(po\ 
P(C°) has objects consisting of a pair of objects A4 G P(B°) and Af G P(C°) together with an 
isomorphism a : Ai(£) B oV° — > M®c°T^° while a morphism from (AA\,Afi, af) to (A4 2 ,Af2, 012) 
consists of a pair of morphisms u G P(B°)(A4i, A4 2 ) and v G P(C°)(Afi, JV2) whose images 
in P(£>°)(.Mi ®flo X>°, M 2 ® B o X>°) and P(V°)(Afi ® c ° T>°,Af 2 ©c° 2?°) intertwine a x and a 2 . 
Under the assumptions 15.11 Milnor's theorem from the second chapter of [M] establishes an 
equivalence of categories 

R : P(A°) — ► P(B°) x P(tfl) P(C°) 
= (£ B°, £ ® A o C°, k) 

with inverse 

(5.2) ^■.P(B )x P{v0) P(C°)^P(A ) 

In fact, the functor R is a left adjoint to the functor if and the unit and counit adjuctions 
are isomorphisms for every object. The same functors respect the property of being finitely 
generated and so establish the equivalence of categories 

P f (A°)^P f (B°)x Pf{v0) P f (C ). 

— > 

5.2. Categories of Complexes of Modules. Consider the category C B o x Cd0 C c o. The 
objects are chain complexes (A4, dj^f) over B°, (Af, d^) over C° and a degree zero morphism 

a : M ®go V° ^ Af <g) c o V° 

of complexes of T>° modules commuting (ao (dM <8>id) = (<i^£g>id) o«) with the differentials. 
There is a dg functor given by restriction 

R : C A o ->■ C B o Xc d0 C c o 

which sends 

(£,4)^(f°*(£,4),k o *(£,^),*0. 
For any object ((.M, g?.m), (Af, dj^),a) G C B o x Cd0 C c o, consider the difference of the maps 

M^M ® B o D°4A^ © c <> £>° 

and 

Af ^ Af © c <> £>° 

as a single map 

It clearly intertwines the differential dj^ © djv with the differential d^ <g> idx>o. We can use 
this to define a dg functor 

— > 

(5.3) C A o i — C B o x Cd0 C c o : V 
which assigns 

%f(M,d M ,Af,d M ,a) = (ker[M © Af ->• A/" <8) c o P ],^ © d^). 
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Notice that 

ij(M,d M ,Af,d M ,ay = ker[M i ®Af l ^ Af l ®c°V°] = tp(M\Af l ), 
so in each component, this is just the original map 15.21 

Lemma 5.2. It was shown by Landsburg in [L] that assuming conditions (1) and (2) from 
\5.1\ that ip sends the full subcategory of gluing data for complexes of projective modules where 
the morphism a is an isomorphism into the category of complexes of projective modules. In 
particular we have a commutative diagram 

V A o ^— V B o x VnQ V c o 

(5.4) 

C A o < - V B o xp c0 V c o. 

Therefore, the restriction map R gives an equivalence of dg categories 

TV - TV x t> 

with inverse ip. 

5.3. Enhanced categories of complexes of modules. Consider the dg category given 

h 

by C B o x Cd0 C c o. 

There is the functor 

(5.5) C A o < — C B o x h Co0 C c o : ip 

which assigns 

ip(M,d M ,Af,d^,a) = Cone[M © jV ->• jV ®c« ^>°][-l], 
the cone is taken in the dg category C A o. The functor ip is a right adjoint to 

R : C A o — > C B o Xg D0 C c o. 

Landsburg observed in 2.4 of [L] that ip and ip are quasi-isomorphic functors when restricted 

— > 

to V B o x-p c0 V c o. In particular, we will usually consider the restriction of ip to the the 
subcategory 

x 7> ^C" C C B o X Cd0 C c o 

What is important for us is that the diagram 



(5.6) 



Cap ^— P B ° xk V c o 



commute up to a natural transformation 

(5.7) T:ip^ip 
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which for each object of V B o Xp V c o, gives a quasi-isomorphism between the object's 
two images in C A o. This natural transformation is described more explicitly in the proof of 
Lemma [6.41 The diagrams 



(5.8) 



Ro ip RoT > R o tp 



and 
(5.9) 



i> oR 

ToR 

ipoR 

of functors V B o x-p c0 V c o — > C B o x£ C c o and V A o — >■ C A o respectively commute up to 
quasi-isomorphism where t is the natural inclusion. The vertical arrow in the first diagram 
and the diagonal arrow in the second diagram are actually natural equivalences. Since the 
horizontal arrow in the first diagram and the vertical arrow in the second diagram give a 
quasi-isomorphism for each object, we can conclude the same about the vertical arrow in the 
first diagram and the diagonal arrow in the second diagram. 

6. Descent 

Let A = (A, o?a, ca), B = (£>, d B , c B ), C = (C, d c , cq), D = (V, d D , cd) be curved dg algebras, 
along with degree maps of curved dg algebras forming a commutative diagram: 

(6.1) 




and satisfying assumptions ( 15. ip . We will primarily be interested in the homotopy fiber 
product of dg categories V B x^, d Vc corresponding to the diagram 



(6.2) V B 

g* 

There is a dg-functor: 

(6.3) PaAPbX^Po 

R(S) = (rs,k*s,«) 

where k is the canonical isomorphism g*f*S — > l*k*S. In order to define a reasonable functor 
in the opposite direction (but to Ca) we will need an extra assumption. 
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Assumption 6.1. Assume that the natural maps induced by f, g, k, I induce isomorphisms 
B° ® A o A^B, C° ® A o A^C,V° <g) B o B ^V,V° © c o C — >■ P. 

Lets start with (M, N, 0) G P B x p D "^c- Due to our assumptions on f, g, k, I we can define 
pushforward functors as were described in 13. II Consider the map A G Ca(t*M © k^N, f^g^TN) 

(6.4) f„M © k*N f*gJ*N 

defined as the difference of the maps 

f # M^f*g,g*M f ^f*gJ*N 

and 

k»N — ► kJJ*N = f*gJ*N. 
Define X = (Af, X) G Ca as the cone of A. 

Definition 6.2. Consider curved dg algebras and degree maps of curved dg algebras as in 
(16. ip satisfying assumption 15.11 and assumption 16.11 We now define a functor 

Ca < — Cb x c d Cc- 
In terms of objects, we send (M, N, 0) to 

i((M,N,0)) = X = Cone(A) 

where A was defined in (16.41) . Suppose that (//, u, r) is a morphism in C B x c D from 
(Mi, Ni, 0i) to (M 2 , N 2 , 2 )- We need to define a map in Ca(X 1; X 2 ) in order to define A on 
morphisms. We use the map 

f„(//) © k*(i/) 



: #i .A -)■ ^ 2 ©^40 A 



where e is the map 
and we have used the presentations 



f*Mi © k,Ni -> f,Mi -> f,g,g*M 1 f *-^ 7 f +g J*N 2 



M© c o 

© 

Notice that 

(C B x^ d C c ) i ( J R(S), (M, N, 0)) = (C B x£ d C c ) l ((f S, k*S, c), (M, N, 0)) 

= C B (f S, M) © Q(k*S, N) © C^^gTS, l*N) 

^C A (S,f*M©k*N©f*gJ*N[l]) 

= C A (S,i(M,N,0)). 

This correspondence is natural in the variable S and also in the variable ( M , N , 0) . It inter- 
twines the differentials. Therefore, A is a right adjoint to R. 
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Notice that if X = A(M, N,0)) the complex (X,X°) is none other than $(M°, N°), where 
if) is the functor defined in (|5.5p . Using the natural adjunction t)e : E — > A(R(E)) we find 

Lemma 6.3. Consider curved dg algebras and degree maps of curved dg algebras as in 
(OOP satisfying assumption 15.11 and assumption \6.1\ Let E G be any object. There is a 
degree zero, closed morphism in C& 

VE : E -> A(R{E)) 

such that the map 

4 : E° -> i^E)) = VWE )) 
(which is a morphism in C A o ) is a quasi-isomorphism of complexes of A modules. 

Proof. The map 77^ is simply the diagonal arrow in the diagram flE9]) applied to E°. As 
discussed below that diagram , this is a quasi-isomorphism. □ 

Lemma 6.4. Consider curved dg algebras and degree maps of curved dg algebras as in 
\6. 1\) satisfying assumption \5.1\ and assumption \6.1\ Assume furthur that A is flat over A . 
Then for every (M,N,0) G Vb x& Vq, there is an object H(m,n,</>) G and a morphism 
0(m,n,</>) £ Ca(H( Mi n,0)) A(M, N, 0)) snc/i that h® (MN is quasi-isomorphism ofP/\ modules 

Proof. Consider X = A(M, N,0) G C A . Notice that from the definition of X = (X,x), it 
follows that 

A/"® c <> X>°[-1] 

A' 

and that 



x° 



Ng[-1] A° 
M°©N° 

Because the map C° — > T>° is surjective, we get that M — > Af<S>c° D° is surjective, therefore 
the map a is as well and so the cohomology of (X, X°) is generated by the second row, in 
other words by elements of A4 ffi Af '. If we consider the zeroth component of the equation 
</>oMD = ND°0we learn that 

0°om£ = n£o0°. 
Therefore, we can consider the complex of .4° modules 
(6.6) (g,d g )=^(M ,H°,<f ) )eC A o. 
The map 

T(M°,N°,(I) ) : (G,d g ) ^ (X,X°) = X° 

which was mentioned in (15.7)) simply includes the complex Q <Z AA.® M defined in equation 
(16. 6p into the second row of X and is a quasiisomorphism of complexes of .4° modules. Since 
0° need not be an isomorphism, we cannot apply Milnor's theorem from [M] and conclude 
that Q is a projective .4° module. However, Landsburg actually shows in Lemma 1.4, page 
362 and the Theorem on page 269 of [L] that there exist bounded acyclic complexes of 
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finitely generated and projective B° and C° modules (AA, dj^) and (J\f, d^), an isomorphism 
of complexes 

a : (M © M) © B o V° -> (JV © A/") © c „ P°, 
and a quasi-isomorphism 

(6.7) = ii(M®M,M° + d M ,N®Af,N° + dtf,a) ->• (£,d g ). 

Note that Landsburg's Lemma which we gave in Lemma l5\2l tells us that (H, d%) is a bounded 
complex of finitely generated projective .4° modules and so (T-L,du) G V A o. By combining 
this with f)6.7p we have a sequence of quasiisomorphisms of complexes of -4° modules 

(n,d H )^(g,d g )^(x,x°) = x°. 

Therefore by Theorem 12.51 there exists a superconnection H on H such that H° = d% and 
H = (%, H) G Va, in addition there is a map Q(m,h,4>) £ Ca(H, X) such that h Q{M : /i H — > 
is a quasi-isomorphism. In other words, /ix is quasi-representable. 

□ 

Lemma 6.5. Consider curved dg algebras and degree maps of curved dg algebras as in 
(OOP satisfying assumption 15.11 and assumption \ 6.1\ For every E G Pa, E and f/jj(E) are 
homotopy equivalent. 

Proof. Recall from Lemmas 16.31 and 16.41 we have morphisms in Ca, of the form 

E ^ A(R(E)) e <™ H m 

such that the right arrow induces a quasi-isomorphism h^ R ^ i — ^H fl(E) - Choose a closed, 
degree zero element t E G Ca(A(R(E)), ^\r(e)) which maps to the identity under the map 

H°(A(R(E)), H m ) -> ^(H^, H m ) 

given by ( ) o 0#(e). Now t E o 0#(e) is the identity in the homotopy category and therefore, 
since ®%n is a quasi-isomorphism, t^ must be as well. We also know that rj E is a quasi- 
isomorphism from Lemma [6.31 Consider 

E A(R(E)) ^ H R[E) . 

We know that (t E ° ^e)° is a quasi-isomorphism and hence by Proposition 12.41 t E ° ?7e G 
Pa(E, Hjs(e)) is a homotopy equivalence. □ 
We now state the assumptions on the commutative diagram (15.11) of curved dgas and 
morphisms between them which will be used in our main theorem. 

Assumption 6.6. 

(1) the maps f°, g°, k°, 1° form a fiber product in degree zero: 

A S B° x v0 C° 

(2) 1° : C° — >■ T>° is surjective 

(3) A is flat over A° 

(4) the natural maps induced by f, g, k, I induce isomorphisms B° ©,40 A — > B, C° ©.40 A — > 
C, V° © B o B -> V, V° © c o C —>V. 
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Theorem 6.7. Let A, B, C, D be curved dg-algebra with morphisms between them as in the 
diagram Ii5.1\) . Suppose that these morphisms satisfy Assumptions 16. 61 Then the restriction 
functor R is a dg- quasi- equivalence of dg-categories between V A and Vq x^> d Vq. 

Proof. We wish to apply Lemma 12.31 to the dg-functor given by restriction 

(6.8) C A A C B x h Co Cc, 

R(S) = (rS,k*S,K) 

where k is the canonical isomorphism g*f*S — > \*k*S, and its right adjoint (see Definition [62]) 

(6.9) C A J- C B x h Co Co 
in order to show that the restriction of R: 

(6.10) V a ^Vb^ d V c , 

is a dg-quasi-equivalence. For the collection of objects required by Lemma 12.31 we will use 
the collection 

{H ( m,n,0) eV A \{M,M,(f>) eV B Xvo'Pc} 
which were defined in Lemma 16.41 Consider an arbitrary object (M,N,0) G Vb Xp D Vq. 
There is an element in 

@(M,N,0) £ Ca(H(m,N,(/>), A(M, N, (f))) = ^(M,N,0)(^(M.N») 

corresponding via the correspondence in Lemma [231 to the identity in /i H(M N ^(H(m,n,^))- By 

applying R we get an element -R(0(m,n,</>)) ^ x c d ^c(-R(H(m,n,</>)) ) -R(A(M, N, 0))). In order 
to apply Lemma [2731 and conclude that R is a dg-quasi-equivalence we need to show (1) the 
existence of quasi-isomorphisms /ih(m,n,0) — * ^I(m,n,#) > (2) f° r every E G Pa that E and H fi ( E ) 
are homotopy equivalent and (3) that R(H(m,n,4>)) and (M, N,0) G Pb x^ d P c are homotopy 
equivalent for each ( M , N , 0) G Vb x p D Pc via the map given in Lemma 12. 3[ The first and 
second statement was already shown in Lemma 16.51 So, it only remains to show the third 
statement. We wish to show the composition 

A(M,N,<£) — V{M,N,((>) ° -R(@(M,N,0)) 

of R(Q(M,N,(j>)) with r/(M,N,(/>) £ Cb x c d Cq(R(A(M, N, 0)), (M, N, 0)) is a homotopy equivalence 
inV B x^ D ip c (/?(H (M ,N,0)),(M,N,0)). 
The diagram 

i2(H(M,N,«)) fl(e(M,N ''- i2(i(M, N, 0)) 




A(M,N,4>) 

:m,n,0) 

has as its zero component the diagram (P|) applied to (M°, N°, 0°). Therefore, if we let 
A(m,n,4>) — (a*j r )> we see that /jP and v° are quasi-isomorphisms. Therefore, by Proposition 
12.41 we see that \i and v give isomorphisms in the homotopy categories H°(V B ) and H°(Vc)- 
Hence by Lemma |4T3| we can conclude that the map -R(H(m,n,<£)) — )• (M, N, 0) is a homotopy 
equivalence. □ 
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7. The Case of Complex Manifolds 

We give here an example using the Dolbeault algebra, in the case k = C. Let X be a 
compact complex manifold. It was shown in [B] , that there is an equivalence of triangulated 
categories between HoPa(x) and -^(X). Even though it wasn't stated in [B], it is not 
too hard to derive the following stronger result. 

Theorem 7.1. [B] Let X be a compact complex manifold and A(X) = (A*(X),d,0) = 
(A°'*(X),d,0) the Dolbeault dga. Then there is a dq- quasi- equivalence of categories Va(x) 
and L pe X , where L pe X is the dg- enhancement of the category of perfect complexes of sheaves 
of Ox modules as defined in [T] . 

Remark 7.2. A holomorphic vector bundle E corresponds in the above to the pair (£, E) e Va 
where £ = H°(X, E^)qC°°) is the space of global sections of the corresponding smooth vector 
bundle thought of as an .4° module and the connection E = E 1 is taken to be the obvious d 
connection on £ ®jp A. 

Definition 7.3. Let X be a complex manifold and S G X any subset. Define 

• A{S) = \imA(V) 

• A (3) =limA(V-£) 

where in both cases the direct limit is taken over all open subspaces V in the classical 
topology on X which contain S. 

As a consequence of Theorem 16.71 we have: 

Theorem 7.4. Let X be a complex manifold. Consider the following situations: 

(a) U\ and U2 form an open cover of X . 

(b) Z is a closed subspace of X and U = X — Z 

Then the natural restriction functors are dg quasi- equivalences: 
(a) 

V K x) -> V KWi) x£ A _ n _ V Am 

(b) 

o 

where in (b) we take D =A (Z) 

Proof. We need to prove that the assumptions 16.61 of Theorem 16.71 hold, 
(a) By definition of the direct limit, an element in A(Ui fl U2) can be extended to some 
neighborhood of U\ fl U2 in U2 and thus it follows that any element of A(Ui fl U2) 
can be extended to U2 because the Dolbeault sheaf is soft. Therefore, the restriction 
A(C/ 2 ) — > A{U\ fl U 2 ) is surjective. This is property (2). Similarly, one can extend any 
pair of sections in A°(U\) and A°(U2) which agree on the overlap to a unique element 
in A (X). This is property (1). Property (3) holds since the Dolbeault algebra on X 
consists of the global sections of a vector bundle and therefore is a projective A°(X) 
module and hence a flat ^4. (X) module. Moreover, the sections of a vector bundle 
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satisfy property (4) since the sections of a vector bundle form a locally free sheaf over 
the smooth functions. 

o 

(b) An element in A (Z) can be extended to an element in A(V — Z) where V is an open 
neighborhood of Z. By shrinking V to another open set containing Z, one can extend 
some restriction of the element in A(V — Z) to some element of A(U). This shows 
property (2). The rest of the properties are routinely verified in a manner similar to (a). 

□ 

Remark 7.5. For algebraic varieties over any field, there is a kind of descent similar to the 
second item where one uses the coherent sheaves on the formal neighborhood of Z in place 
cohesive modules over A(Z). This can be found in [BTJ. 

8. A STANDARD EXAMPLE 

It is well known that the failure of descent for derived categories is rectified by looking 
at dg-categories. In this section we look at a standard example of this phenomenon in our 
context. 

Let U = {z e C\\z\ < 2} and V = G C||f | < 2}. If we glue these along W = {z e 
C|§ — \ z \ — 2} via £ = z~ x to form ~p\ then the natural functor 

R:D b (pl)^D b (U)x Dbm D\V) 

is not an equivalence of categories because a non-trivial element in 

H\j>\,0{-2)) =ExtJ,(0(2),0) = Hom DSoh(p i ) (0(2),0[l]) 

is a morphism in the derived category which pulls back to a trivial morphism in the fiber 
product category D b (U) x D t {w) D b (V). Let A, A(U), A(V), A(W) be the Dolbeaut dg-algebras 
of Pc,U,V,W respectively. Let the dg category Q be defined by 

Q = Va(u) x v a(w) V HV)- 

The information in the extension class is not lost via restriction in the dg context, in the 
sense that the natural map 

R ■ V k Q 

preserves the information in the spaces of morphisms. Let us see explicitly how this works 
in an example. Consider A(Z7),A(V) and A(W) as objects of Vh{u)^MV) an d Vd in the 
obvious way. Notice that we have g*A(U) = A(W) = \*A(V). The line bundles 0(j) on P 1 
correspond to the gluings given by the closed element (p 6 V^ w ^(g* A(U) , l*A(V)) which is 
multiplication by z^i G T>°. Let us define A(j) by 

A(j) = (A(U),A(V),z- j ) e V HU) x h ^ (w) TV)- 

We claim there is a natural isomorphism 

(8.1) Ext^(0(2),0) ^iJ 1 (Q(A(2),A)). 
In fact, we can exhibit a quasi- isomorphism 

(8.2) C\Hom{0{2), O)) ->• Q*(A(2), A) 
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between the Cech complex C*(Hom(0(2),0)) with respect to the cover by U and V and 
the complex <2*(A(2),A). The Cech complex C "(Hom(0 '(2), O)) with respect to the cover 
by U and V computes H\Uom{0{2), O)) = Ext'i (0(2), O) = C. Notice that 

C 1 (nom(0(2),0)) = Z x {Uom{0{2),0)) = 0{W). 
Let t e 0(W) represent a generator of the one dimensional complex vector space 

H l {V l c ,Uom{0{2),0)) = 0(W)/ ~ . 
Choose a pair of smooth functions (//{/, /-ty) £ C£°(U) x C£°(V) so that 

Z 2 /^ — Hv = T. 

In degree one the map in (18. 2p is defined by sending r to the triple (d/iu, ctyiy, 0) thought of as 
a pair of degree one maps A°(U) — >• and from .A°(V) — >■ A 1 ^) given by the product 

with dfxu and ctyty respectively along with the trivial homotopy between their restrictions 
to W. It is easy to see that the corresponding class in H 1 (Q(A(2), A)) is non-zero and does 
not depend on the choice of \iu and [iy. So we have produced a map as in ( 18.11) which is 
injective. In order to see that it is surjective, consider a pair of closed degree one maps (u '■ 
A°{U) ->■ A\U), ( v : A°(V) -> A\V) and a homotopy 7 : -> ^(W) between their 

restrictions Cc/ ®^o (c/) id^o {H/) : ^4°(W) -> ^l^W 7 ) and Cy ®^o (y) id^o (vy) : ^4°(VF) -> ^l^H 7 ). 
This triple is a general element in Z 1 (Q*(A(2), A)). We can think of these as (0, 1) forms £1/ 
on U and (v on V and a smooth function 7 on W such that 

(^ 2 C f /-Cy)k = 97. 

The corresponding cohomology class in H l (Q'(A(2), A)) comes from the element 

z 2 pu -Pv-ie 0{W) = Z l {Uom(0(2), O)) H 1 {V.om{0{2), O)) 

where we chose pu and pv such that (9pc/ = (u and 9py = Cy- It is easy to see that the 
isomorphism ( 18. ip which we defined does not depend on the choice of r. 
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